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ABSTRACT. – We study a class of compact complex manifolds, with positive first
Chern class, fibered over products of projective spaces. We prove that these bundles carry
Einstein–Kähler metrics when the projective spaces of the basis have the same dimension.
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RÉSUMÉ. – On étudie une famille de variétés complexes compactes, à première
classe de Chern positive, fibrées sur des produits d’espaces projectifs. Lorsque ceux-
ci ont même dimension, on prouve que les fibrés correspondants admettent une métrique
d’Einstein–Kähler. Lorsque cette condition sur les dimensions n’est pas satisfaite, une
estimation de leur tenseur de Ricci est obtenue dans un autre article. Ó 2000 Éditions
scientifiques et médicales Elsevier SAS
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1. Introduction
This article deals with the problem of finding Einstein–Kähler metrics
on compact Kähler manifolds with positive first Chern class. According
to Aubin [3] and Yau [22], we know that, in the cases of negative
1 E-mail: benabdes@math.jussieu.fr.
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and vanishing first Chern classes, the problem have a definitive answer.
In the positive case, Matsushima and Lichnerowicz ([16] and [15])
established a necessary condition for a compact Kähler manifold to carry
an Einstein–Kähler metric, and gave some examples of Fano manifolds
which cannot have such a metric. In [21], Tian proved that this condition
is in fact sufficient for Del-Pezzo surfaces. Another necessary condition,
which includes the Lichnerowicz–Matsushima one, has been given by
Futaki [13]. In his paper, Futaki introduces a new invariant and gives
examples of compact Kähler manifolds which cannot carry Einstein–
Kähler metrics. As regards obstructions to the existence of Einstein–
Kähler metrics, see [5, pp. 271–272]. In this article, extending Futaki
examples, we study a class of compact Kählerian bundles. As shown by
Aubin [2], the existence of an Einstein–Kähler metric (in case C1 > 0)
depends on the value of some invariant of a new type. Here, using
another invariant introduced later by Tian in [20], we prove, under a
dimensional condition, the existence of Einstein–Kähler metrics on these
bundles. When this condition is not satisfied, these manifolds cannot
carry any Einstein–Kähler metric (see [13]); however, in another work
(see [11]), we evaluate their Tian invariant to obtain metrics belonging
to C1, with explicit lower bound of Ricci curvature. This topic was
partially announced in [8].
The proof of the main theorem is inspired from a pattern deviced by
Réal [17] for the determination of αG(Pm).
2. Background material
Let (M,g) be a compact Kähler manifold of complex dimension m. If
its first Chern class C1(M) is positive, we choose the metric g such that
it belongs to C1(M); hence, we have
ω = i
2pi
gλµ dz
λ∧dzµ ∈C1(M),
gλµ being the metric tensor components in a local holomorphic coordi-
nates system. A Kählerian change of metric can be written
g′λµ = gλµ+ ∂λµϕ,
where ϕ ∈ C∞(M) is such that the matrix (gλµ + ∂λµϕ) is positive
definite. So g′ is a Kählerian metric (we say that ϕ is C∞g-admissible).
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Let us consider the Monge–Ampère equation
logM(ϕ)=−ϕ + f,(1)
where f is the geometric datum given by
Ricci(ω)−ω= i
2pi
∂∂f
and
M(ϕ)= det (g′g−1)= det (δµλ +∇µλ ϕ)λ,µ∈{1,...,m},
δ
µ
λ denoting the Kronecker tensor. Any solution of (1) is g-admissible
and, if (1) admits a solution ϕ, then
g′λµ = gλµ + ∂λµϕ
is an Einstein–Kähler metric on M .
To solve (1), Aubin in [2] uses the continuity method and considers the
family of equations
logM(ϕ)=−tϕ + f, t ∈ [0,1].(2)
He reduces the problem to the existence of a C0 uniform estimate for
solutions of equations (2), which holds as soon as is satisfied an in-
equality using a new invariant he introduces in the same paper. Us-
ing this method and another invariant deduced from an inequality of
Bombieri [12], Skoda [19] and Hörmander [14], Tian obtains in [20] the
following theorem:
THEOREM. – Let (M,g) be a compact Kähler manifold of complex
dimension m with C1(M) > 0, and letG⊂ Aut(M) be an automorphisms
group of M . We suppose that the metric g is G-invariant and belongs
to C1(M). We define
αG(M)= sup
{
α > 0; ∃ C such that ∀ϕ ∈AG,∫
M
exp(−αϕ)dv 6 C exp
(−α
V
∫
M
expϕ dv
)}
,
where
AG= {ϕ ∈C∞(M), g-admissible and G-invariant},
dv= im det(gλµ) dz1 ∧ dz1 ∧ · · · ∧ dzm ∧ dzm and V =
∫
M
dv.
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Then, if αG(M) > m/(m+ 1), the uniform estimate for solutions of (2)
holds for t ∈ [0,1] and M admits an Einstein–Kähler metric.
3. Description of the bundles
To make this paper self-contained, we remind, in this section, the
definition of the bundles we introduce in [11]; we explicit metrics
belonging to C1, and automorphisms groups.
Let 26 d1 6 d2 6 · · ·6 dn be n integers, and m= d1+d2+· · ·+dn−
1. The projective bundle X =Xd1,d2,...,dn is the set of points
x = ([u1], . . . , [un], [λ1u1, . . . , λnun]),
where
[uh] ∈ Pdh−1, Λ= [λ1, . . . , λn] ∈ Pn−1 and
[u] = [λ1u1, . . . , λnun] ∈ Pm.
X is a projective bundle over B = Pd1−1 × · · · × Pdn−1, whose fibers are
isomorphic to Pn−1. Using this description and the natural coordinates
systems on the projective spaces, we obtain an atlas ofX with nd1, . . . , dn
charts, whose domains are labelled (Uα)α∈{1,...,nd1,...,dn}.
We define holomorphic surjective mappings (pih)16h6n and pi from X
into (Pdh−1)16h6n and Pm respectively, by setting
pih(x)= [uh] and pi(x)= [u].
Let us denote
V = {[Z] = [Z1, . . . ,Zn] ∈ Pm;Zh 6= 0 ∀h ∈ {1, . . . , n}}
and
U = {x = (q, [Z]) ∈X;q ∈ B,Zh 6= 0 ∀h}.
The restriction of pi to U is a biholomorphic mapping between the open
dense subset U of X and the open dense subset V of Pm. Thus the
chart (U,pi) is compatible with the atlas we define above. Notice that
X \U =∆1 ∪ · · · ∪∆n,
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where ∆h is the hypersurface of X corresponding to the points x for
which Zh = 0 in the previous description. It also corresponds to the set
of points x such that λh = 0. We shall also consider the subset U ∗ of U
such that
V ∗ = pi(U ∗)= {[z1, . . . , zn] ∈ Pm; zk 6= 0 ∀k}.
Now let us define a group G of automorphisms of X. The natural
automorphisms groups of Pd1−1, . . . ,Pdn−1, obtained by permutations of
homogeneous coordinates and multiplication by eiθ (θ ∈ R), induce a
group G of automorphisms of X which leaves invariant the open set U .
Read in chart (U,pi), G is the restriction to V of the automorphisms
group of Pm generated by σij , τlθ defined for i, j ∈ Ih = {d0 + · · · +
dh−1, . . . , d0+ · · ·+ dh− 1} with d0 = 0, h ∈ {1, . . . , n}, l ∈ {0,1, . . . ,m}
and θ ∈ [0,2pi ] by
σij
([z0, . . . , zi, . . . , zj , . . . , zk, . . . , zm])
= [z0, . . . , zj , . . . , zi, . . . , zk, . . . , zm],
and
τlθ
([z0, . . . , zl, . . . , zm])= [z0, . . . , zleiθ , . . . , zm].
If dh = dk , we add the automorphisms σij , with i ∈ Ih and j ∈ Ik.
Finally, we introduce the following metric g on X:
g = npi?ωm+
n∑
h=1
(dh − 1)pi?hωdh−1,
where the mappings pi and pih are defined above, and where ωd = i∂∂Kd
is the metric on Pd whose potential Kd is given, in homogeneous
coordinates, by
Kd = log(x0 + · · · + xd) with xj = |zj |2.
In chart (U,pi), corresponding to natural homogeneous coordinates
z0, . . . , zm of Pm, the potential K of g is given by
K = log
(
tn
n∏
h=1
t
dh−1
h
)
,
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where th =∑j∈Ih xj , t =∑nh=1 th =∑mj=0 xj , xj = |zj |2, and
Ih = {d0+· · ·+dh−1, . . . , d0+· · ·+dh−1} with d0 = 0, h ∈ {1, . . . , n}.
We show in [11] that g belongs to C1 and that, in chart (U,pi), the
determinant of g and the components of the Ricci tensor are respectively
given by
detg = nn−1
∏n
h=1[(dh − 1)t + nth]dh−1
tm+1
∏n
h=1 t
dh−1
h
and
Rλµ = gλµ + ∂λµF,
where F ∈C∞(X) is defined by
F = log
{
tm+1−n
n∏
h=1
[
(dh − 1)t + nth]1−dh
}
.
For more details concerning this section we refer to [11].
4. Statement and proof of the theorem
THEOREM. – Suppose that d1 = d2 = · · · = dn = d , and let G be the
automorphisms group of X=Xd =Xd1,d2,...,dn defined in 3. Then we have
αG(X)= 1, and X admits an Einstein–Kähler metric.
We shall need the following result proved in [11]:
LEMMA 1. – If ϕ is a G-invariant integrable function defined on
X=Xd1,d2,...,dn , the following equality holds:∫
X
ϕ dv= d1
∫
|zi |61
ϕ(1, z1, . . . , zm) dv + · · ·
+ dn
∫
|zi |61
ϕ(z0, . . . , zd1+···+dn−1−1,1, zd1+···+dn−1+1, . . . , zm) dv.
The n integrals of the right-hand side are computed in chart (U ∗, pi).
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4.1. Preliminaries lemmas
The proof of the main theorem requests five lemmas. The first,
second and third ones are valid for any space X = Xd1,...,dn . The fourth
and fifth ones are true under the hypothesis d1 = · · · = dn = d . The
functions ϕ considered in the following lemmas being G-admissible, in
chart (U ∗, pi), where we take for instance z0 = 1, we write, by a slight
abuse of notation,
ϕ(1, z1, . . . , zm)= ϕ(1, x1, . . . , xm)
to express that the local expression of ϕ depends only on the xk = |zk|2.
Let us notice that, with this convention,
∂2ϕ
∂zj∂zk
= δjk∂jϕ + zjzk∂jkϕ,
where ∂j = ∂/∂xj and ∂jk = ∂2/∂xj∂xk.
LEMMA 2. – Let (X =Xd1,d2,...,dn, g) be the Kähler manifold defined
in 3, and let 1 6 k 6 d1 − 1, 0< ζ 6 1 and xk+1, . . . , xm > 0. Then, for
all g-admissible and G-invariant functions ϕ ∈C∞(X), we have
−(K + ϕ)(1, ζ, . . . , ζ, xk+1, . . . , xm)
6 −(K + ϕ)
(
1, . . . ,1,
xk+1
ζ k/k+1
, . . . ,
xm
ζ k/k+1
)
+ (m+ 1) log 1
ζ k/k+1
,
where
K = log
(
tn
n∏
h=1
t
dh−1
h
)
.
We remind that th =∑j∈Ih xj , t =∑nh=1 th =∑mj=0 xj , xj = |zj |2, and
Ih = {d0 + · · · + dh−1, . . . , d0 + · · · + dh− 1} with d0 = 0, h ∈ {1, . . . , n}.
Proof. – For s > 0, let us set
Φ(s)= s d
ds
(K + ϕ)(1, saζ, . . . , saζ, sxk+1, . . . , sxm),
where a = (k+ 1)/k.
666 A. BEN ABDESSELEM, P. CHERRIER / Bull. Sci. math. 124 (2000) 659–684
We first show that Φ is an increasing function. Let us consider the
following point
P˜ = [1, t1, . . . , tm] = [1,√saζ , . . . ,√saζ ,√sxk+1, . . . ,√sxm] ∈ pi(U ∗)
written in chart z0 = 1. All derivatives of (K + ϕ) are evaluated at the
point P = (1, t21 , . . . , t2m) ∈Rm+1.
Differentiating twice with respect to s gives
Φ(s)= asaζ (∂1(K + ϕ)+ · · · + ∂k(K + ϕ))
+ sxk+1∂k+1(K + ϕ)+ · · · + sxm∂m(K + ϕ)
and
sΦ ′(s)= a2saζ{∂1(K + ϕ)+ · · · + ∂k(K + ϕ)}
+ sxk+1∂k+1(K + ϕ)+ · · · + sxm∂m(K + ϕ)
+ ∑
16i,j6k
a2s2aζ 2∂ij (K + ϕ)+
∑
i6k<h
asa+1ζxh∂ih(K + ϕ)
+ ∑
16i6k<h6m
asa+1ζxh∂ih(K + ϕ)
+ ∑
k<j,h6m
s2xjxh∂jh(K + ϕ).
We write the last equality under the form:
sΦ ′(s)= a2saζ{∂1(K + ϕ)+ · · · + ∂k(K + ϕ)}(3)
+ ∑
k<p6m
sxp∂p(K + ϕ)+
∑
16i,j6k
a2s2aζ 2∂ij (K + ϕ)
+ 2 ∑
16i6k<p6m
asa+1ζxp∂ip(K + ϕ)
+ ∑
k<p,q6m
s2xpxq∂pq(K + ϕ).
But, in P˜ = [1, t1, . . . , tm], the matrix of the metric i∂∂(K + ϕ)
can be written as the sum of the diagonal matrix of elements ∂1(K +
ϕ), . . . , ∂m(K + ϕ), and the matrix (tptq∂pq(K + ϕ))16p,q6m. Then, the
value of the hermitian form associated to i∂∂(K + ϕ)(P˜ ) on the vector
v = (v1, . . . , vm)= (a√saζ , . . . , a√saζ ,√sxk+1, . . . ,√sxm) ∈Rm
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is equal to sΦ ′(s). Indeed, since we have for i, j 6 k
ti tj ∂ij (K + ϕ)vivj = saζ ∂ij (K + ϕ)a2saζ = a2s2aζ 2∂ij (K + ϕ),
for i 6 k < p
ti tp∂ip(K + ϕ)vivp =
√
saζ sxp∂ip(K + ϕ)a
√
saζ
√
sxp
= asa+1ζxp∂ip(K + ϕ),
for k 6 p,q
tptq∂pq(K+ϕ)vpvq = s√xpxq∂pq(K+ϕ)s√xpxq = s2xpxq∂pq(K+ϕ),
by virtue of (3), we infer:
sΦ ′(s)= ∑
16j6m
∂j (K + ϕ)(vj)2 + ∑
16p,q6m
tptq∂pq(K + ϕ)vpvq
= i∂∂(K + ϕ)(P )(v, v).
Consequently, as ϕ is g-admissible, sΦ ′(s) is positive, and Φ is an
increasing function.
Let s0 = ζ−1/a (> 1 since 0< ζ 6 1). We define
P0 = (1, sa0 ζ, . . . , sa0 ζ, s0xk+1, . . . , s0xm)= (1[k+1], yk+1, . . . , ym),
with yp = s0xp for p = k + 1, . . . ,m. All derivatives of (K + ϕ) are
computed at P0. Then, for 16 s 6 s0,
Φ(1)6Φ(s)6Φ(s0)= s0
(
d
ds
)
s=s0
(K + ϕ)(4)
= asa0 ζ
(
∂1(K + ϕ)+ · · · + ∂k(K + ϕ))
+ s0xk+1∂k+1(K + ϕ)+ · · · + s0xm∂m(K + ϕ)
= a(∂1(K + ϕ)+ · · · + ∂k(K + ϕ))+ yk+1∂k+1(K + ϕ)
+ · · · + ym∂m(K + ϕ).
Hence,
Φ(s0)= a
∑
i6k
∂i(K + ϕ)+
∑
p>k
yp∂p(K + ϕ).
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Let us compute Φ(s0).
On the first hand, since K = log(tn∏nh=1 tdh−1h ), we get{
a
∑
i6k
∂iK +
∑
p>k
yp∂pK
}
(1, . . . ,1, yk+1, . . . , ym)
=∑
i6k
na
1+ k + yk+1 + · · · + ym +
∑
i6k
(d1 − 1)a
1+ k + yk+1 + · · · + yd1−1
+∑
p>k
nyp
1+ k + yk+1 + · · · + ym
+ ∑
k<p6d1−1
(d1 − 1)yp
1+ k+ yk+1 + · · · + yd1−1
+ ∑
26h6n
∑
p∈Ih
(dh − 1)yp
yd0+···+dh−1 + · · · + yd0+···+dh−1
= n ak + yk+1 + · · · + ym
1+ k + yk+1 + · · · + ym + (d1 − 1)
ak + yk+1 + · · · + yd1−1
1+ k + yk+1 + · · · + yd1−1
+ ∑
26h6n
(dh − 1)yd0+···+dh−1 + · · · + yd0+···+dh−1
yd0+···+dh−1 + · · · + yd0+···+dh−1
.
As a = (k + 1)/k, we finally obtain{
a
∑
i6k
∂iK +
∑
p>k
yp∂pK
}
(1, . . . ,1, yk+1, . . . , ym)(5)
= n+ (d1 − 1)+ (d2 − 1)+ · · · + (dn − 1)=m+ 1.
On the other hand, let us check that{
a
∑
i6k
∂iϕ +
∑
p>k
yp∂pϕ
}
(1, . . . ,1, yk+1, . . . , ym)= 0.(6)
To obtain (6), we use the invariance of ϕ relatively to the permutations of
the k first variables. We write
ϕ(1, η, . . . , η, yk+1, . . . , ym)= ϕ
(
1,
1
η
,1, . . . ,1,
yk+1
η
, . . . ,
ym
η
)
= · · · = ϕ
(
1, . . . ,1,
1
η
,
yk+1
η
, . . . ,
ym
η
)
.
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Notice that the term 1/η in the arguments of ϕ takes all positions of
indices 1, . . . , k. Then, differentiating with respect to η, at η= 1, these k
equalities, for i = 1, . . . , k, we obtain at point P0 = (1, . . . ,1, yk+1, . . . ,
ym): ∑
j6k
∂jϕ =−∂iϕ −
∑
p>k
yp∂pϕ;
by summation, we deduce that
(k+ 1)∑
i6k
∂iϕ + k
∑
p>k
yp∂pϕ = 0.
Finally, since a = (k + 1)/k, (6) holds.
Combining (5) and (6), we see that Φ(s0) = m + 1, and taking into
account (4) gives for 16 s 6 s0 = ζ−k/(k+1):
d
ds
{
(K + ϕ)(1, saζ, . . . , saζ, sxk+1, . . . , sxm)}6 m+ 1
s
.(7)
Integrating (7) between 1 and s0, we obtain the inequality of Lemma 2.
LEMMA 3. – Let ϕ be as in Lemma 2. For x1, . . . , xd1−1 > 0 and
ζ = (∏d1−1k=1 xk)1/(d1−1), we have
−(K + ϕ)(1, x1, . . . , xd1−1, xd1, . . . , xm)
6 −(K + ϕ)(1, ζ, . . . , ζ, xd1, . . . , xm).
Proof. – Let 26 k 6 d1 − 1; we will prove by induction on k that, for
x1, . . . , xk > 0 and ζk = (∏kj=1 xj )1/k, we have
−(K + ϕ)(1, x1, . . . , xk, xk+1, . . . , xm)(8)
6−(K + ϕ)(1, ζk, . . . , ζk, xk+1, . . . , xm).
Taking into account the invariance properties of ϕ, we may suppose
that x1 6 x2 6 · · ·6 xk , and we write
−(K + ϕ)(1, x1, . . . , xk, xk+1, . . . , xm)
=−ϕ
(
1,
x1
xk
, . . . ,
xk−1
xk
,
1
xk
,
xk+1
xk
, . . . ,
xm
xk
)
−K
(
1,
x1
xk
, . . . ,
xk−1
xk
,
1
xk
,
xk+1
xk
, . . . ,
xm
xk
)
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+K
(
1,
x1
xk
, . . . ,
xk−1
xk
,
1
xk
,
xk+1
xk
, . . . ,
xm
xk
)
−K(1, x1, . . . , xk, xk+1, . . . , xm),
which yields, by definition of K ,
−(K + ϕ)(1, x1, . . . , xm)(9)
=−(K + ϕ)
(
1,
x1
xk
, . . . ,
xk−1
xk
,
1
xk
,
xk+1
xk
, . . . ,
xm
xk
)
− (m+ 1) logxk.
We now suppose inequality (8) true with k − 1 instead of k, and
using (9) at point (1, ζk−1, . . . , ζk−1, xk, . . . , xm) implies
−(K + ϕ)(1, x1, . . . , xm)
6−(K + ϕ)(1, ζk−1, . . . , ζk−1, xk, xk+1, . . . , xm)
=−(K + ϕ)
(
1,
ζk−1
xk
, . . . ,
ζk−1
xk
,
1
xk
,
xk+1
xk
, . . . ,
xm
xk
)
− (m+ 1) logxk.
But, according to the definition of ζk−1, and since x1 6 x2 6 · · · 6 xk ,
ρ = ζk−1/xk is less or equal to one. Thus, thanks to Lemma 2, we infer:
−(K + ϕ)(1, x1, . . . , xm)
6−(K + ϕ)
(
1, . . . ,1,
1
xkρ(k−1)/k
,
xk+1
xkρ(k−1)/k
, . . . ,
xm
xkρ(k−1)/k
)
+ (m+ 1) log 1
ρ(k−1)/k
− (m+ 1) logxk
6−(K + ϕ)
(
1, . . . ,1,
1
ζk
,
xk+1
ζk
, . . . ,
xm
ζk
)
+ (m+ 1) log 1
ρ(k−1)/k
− (m+ 1) logxk,
using the following equalities:
xkρ
(k−1)/k = xk 1
x
(k−1)/k
k
[(
k−1∏
j=1
xj
)1/(k−1)](k−1)/k
=
(
k∏
j=1
xj
)1/k
= ζk.
By virtue of the invariance properties of ϕ, the previous inequality
becomes
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−(K + ϕ)(1, x1, . . . , xm)
6−ϕ(1, ζk, . . . , ζk, xk+1, . . . , xm)−K(1, ζk, . . . , ζk, xk+1, . . . , xm)
+K(1, ζk, . . . , ζk, xk+1, . . . , xm)−K
(
1, . . . ,1,
1
ζk
,
xk+1
ζk
, . . . ,
xm
ζk
)
+ (m+ 1) log 1
ρ(k−1)/k
− (m+ 1) logxk
=−(K + ϕ)(1, ζk, . . . , ζk, xk+1, . . . , xm)+ (m+ 1) log ζk
xkρ(k−1)/k
=−(K + ϕ)(1, ζk, . . . , ζk, xk+1, . . . , xm),
because ζk = xkρ(k−1)/k. Consequently, relation (8) is valid for k, which
ends the proof of this lemma.
LEMMA 4. – If ϕ ∈ C∞(X) is a g-admissible and G-invariant
function, then, for x1, . . . , xm > 0, we have
−(K + ϕ)(1, x1, . . . , xm)6−(K + ϕ)(1, ζ [d1−1]1 , ζ [d2]2 , . . . , ζ [dn]n ),
where ζ [d] = (ζ, . . . , ζ ) ∈Rd ,
ζ1 =
(
d1−1∏
j=1
xj
)1/(d1−1)
and ζh =
(
d1+···+dh−1∏
j=d1+···+dh−1
xj
)1/dh
,
for 26 h6 n.
Proof. – We proceed by induction on h, to establish, for h > 2, the
inequality
−(K + ϕ)(1, x1, . . . , xm)(10)
6−(K + ϕ)(1, ζ [d1−1]1 , ζ [d2]2 , . . . , ζ [dh]h , xd1+···+dh, . . . , xm).
We suppose (10) true with h− 1 instead of h. Let us show that
−(K + ϕ)(1, ζ [d1−1]1 , ζ [d2]2 , . . . , ζ [dh−1]h−1 , xd1+···+dh−1, . . . , xm)(11)
6−(K + ϕ)(1, ζ [d1−1]1 , ζ [d2]2 , . . . , ζ [dh]h , xd1+···+dh, . . . , xm).
Setting c= d1 + · · · + dh−1, we first write
−(K + ϕ)(1, ζ [d1−1]1 , ζ [d2]2 , . . . , ζ [dh−1]h−1 , xc, . . . , xm)
=−ϕ
( 1
xc
,
ζ
[d1−1]
1
xc
,
ζ
[d2]
2
xc
, . . . ,
ζ
[dh−1]
h−1
xc
,1,
xc+1
xc
, . . . ,
xm
xc
)
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−K
( 1
xc
,
ζ
[d1−1]
1
xc
,
ζ
[d2]
2
xc
, . . . ,
ζ
[dh−1]
h−1
xc
,1,
xc+1
xc
, . . . ,
xm
xc
)
+K
( 1
xc
,
ζ
[d1−1]
1
xc
,
ζ
[d2]
2
xc
, . . . ,
ζ
[dh−1]
h−1
xc
,1,
xc+1
xc
, . . . ,
xm
xc
)
−K(1, ζ [d1−1]1 , ζ [d2]2 , . . . , ζ [dh−1]h−1 , xc, . . . , xm)
=−(K + ϕ)
( 1
xc
,
ζ
[d1−1]
1
xc
,
ζ
[d2]
2
xc
, . . . ,
ζ
[dh−1]
h−1
xc
,1,
xc+1
xc
, . . . ,
xm
xc
)
− (m+ 1) logxc.
Using the previous equality and the result of Lemma 3 written in chart
(U ∗, pi) corresponding to the choice zc = 1 of homogeneous coordinates
in V ∗ = pi(U ∗), we get:
−(K + ϕ)(1, ζ [d1−1]1 , ζ [d2]2 , . . . , ζ [dh−1]h−1 , xc, . . . , xm)
6−(K + ϕ)
( 1
xc
,
ζ
[d1−1]
1
xc
,
ζ
[d2]
2
xc
, . . . ,
ζ
[dh−1]
h−1
xc
,1, ρ[dh−1],
xc+dh
xc
, . . . ,
xm
xc
)
− (m+ 1) logxc,
where
ρ =
(
c+dh−1∏
j=c+1
xj
xc
)1/(dh−1)
.
Then, using Lemma 2, we infer from the previous inequality:
−(K + ϕ)(1, ζ [d1−1]1 , ζ [d2]2 , . . . , ζ [dh−1]h−1 , xc, . . . , xm)
6−(K + ϕ)
( 1
xcρ(dh−1)/dh
,
ζ
[d1−1]
1
xcρ(dh−1)/dh
,
ζ
[d2]
2
xcρ(dh−1)/dh
, . . . ,
ζ
[dh−1]
h−1
xcρ(dh−1)/dh
,
[1]dh , xc+dh
xcρ(dh−1)/dh
, . . . ,
xm
xcρ(dh−1)/dh
)
− (m+ 1) logxc + (m+ 1) log 1
ρ(dh−1)/dh
.
But,
xcρ
(dh−1)/dh = xc
(
c+dh−1∏
j=c+1
xj
xc
)1/dh
=
(
c+dh−1∏
j=c
xj
)1/dh
= ζh;
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consequently, the previous inequality becomes
−(K + ϕ)(1, ζ [d1−1]1 , ζ [d2]2 , . . . , ζ [dh−1]h−1 , xc, . . . , xm)(12)
6−(K + ϕ)
( 1
ζh
,
ζ
[d1−1]
1
ζh
,
ζ
[d2]
2
ζh
, . . . ,
ζ
[dh−1]
h−1
ζh
,
[1]dh, xc+dh
ζh
, . . . ,
xm
ζh
)
− (m+ 1) log ζh.
Now, using the definition of K and the invariance properties of ϕ, we
may write the right-hand side of (12) as follows:
−ϕ(1, ζ [d1−1]1 , ζ [d2]2 , . . . , ζ [dh−1]h−1 , ζ [dh]h , xc+dh, . . . , xm)
−K(1, ζ [d1−1]1 , ζ [d2]2 , . . . , ζ [dh−1]h−1 , ζ [dh]h , xc+dh , . . . , xm)
+K(1, ζ [d1−1]1 , ζ [d2]2 , . . . , ζ [dh−1]h−1 , ζ [dh]h , xc+dh , . . . , xm)
−K
( 1
ζh
,
ζ
[d1−1]
1
ζh
,
ζ
[d2]
2
ζh
, . . . ,
ζ
[dh−1]
h−1
ζh
, [1]dh, xc+dh
ζh
, . . . ,
xm
ζh
)
− (m+ 1) log ζh
=−(K + ϕ)(1, ζ [d1−1]1 , ζ [d2]2 , . . . , ζ [dh−1]h−1 , ζ [dh]h , xc+dh , . . . , xm).
Replacing the right hand side of (12) by the previous expression, we see
that (11) holds, and the lemma is proved.
LEMMA 5. – We suppose d1 = · · · = dn = d . Let ϕ ∈ C∞(X) be a
g-admissible, G-invariant function. Then, for ζ1, . . . , ζn > 0 and η =
(
∏n
j=2 ζj )1/(n−1), we have
−(K + ϕ)(1, ζ [d−1]1 , ζ [d]2 , . . . , ζ [d]n )6−(K + ϕ)(1, ζ [d−1]1 , η, . . . , η)
(remind that ζ [d] = (ζ, . . . , ζ ) ∈Rd).
Proof. – Since ϕ isG-invariant, we may suppose that ζ2 > · · ·> ζn. To
prove the lemma, we show that, if 26 h6 n−1 and t > ζh+1 > · · ·> ζn,
then the following inequality holds:
Th=−(K + ϕ)(1, ζ [d−1]1 , t [d], . . . , t [d], ζ [d]h+1, . . . , ζ [d]n )(13)
6−(K + ϕ)(1, ζ [d−1]1 , λ[d], . . . , λ[d], ζ [d]h+2, . . . , ζ [d]n ),
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with
λ= t (h−1)/h(ζh+1)1/h.
Let us consider
ψ(s)= s d
ds
(K + ϕ)(1[(h−1)d], (shζ )[d], sxhd, . . . , sxm),
where ζ = ζh+1/t ,
xj = ζk+1
t
if j ∈ Ik and k = h+ 1, . . . , n− 1,
x(n−1)d = 1
t
and xj = ζ1
t
if (n− 1)d + 16 j 6 nd − 1.
Let us check that ψ is an increasing function. The derivatives of
(K + ϕ) being taken at point
P = (1[(h−1)d], (shζ )[d], sxhd, . . . , sxm),
we have
ψ(s)= hshζ
hd−1∑
j=(h−1)d
∂j (K + ϕ)+ s
m∑
j=hd
xj∂j (K + ϕ).
Hence,
sψ ′(s)= ∑
(h−1)d6i,j6hd−1
h2shζ ∂j(K + ϕ)
+ ∑
(h−1)d6i,j6hd−1
h2s2hζ 2∂ij (K + ϕ)
+ ∑
(h−1)d6i6hd−1<j6m
hsh+1ζxj ∂ji(K + ϕ)
+ ∑
hd6j6m
sxj ∂j(K + ϕ)
+ ∑
(h−1)d6i6hd−1<j6m
hsh+1ζxj ∂ij (K + ϕ)
+ ∑
hd6i,j6m
s2xixj ∂ij (K + ϕ),
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which finally yields
sψ ′(s)= ∑
(h−1)d6i,j6hd−1
h2shζ ∂j(K + ϕ)
+ ∑
hd6j6m
sxj ∂j (K + ϕ)+
∑
(h−1)d6i,j6hd−1
h2s2hζ 2∂ij (K + ϕ)
+ 2 ∑
(h−1)d6i6hd−1<j6m
hsh+1ζxj∂ij (K + ϕ)
+ ∑
hd6i,j6m
s2xixj ∂ij (K + ϕ).
Hence,
sψ ′(s)= ∑
16k6m
∂k(K + ϕ)(vk)2 + ∑
16p,q6m
tptq∂pq(K + ϕ)vpvq,
where v = (v1, . . . , vm) is the vector
v = (0[d], . . . ,0[d], (h√shζ )[d],√sxhd , . . . ,√sxm).
Thus, sψ ′(s) is the value of the Hermitian form i∂∂(K+ϕ)(P ) at (v, v).
Consequently, since ϕ is g-admissible, sψ ′(s) is positive and ψ is an
increasing function. So, for
16 s 6 s0 = ζ−1/h,
we infer
d
ds
(K + ϕ)(1[(h−1)d], (shζ )[d], sxhd, . . . , sxm)6 ψ(s0)
s
.(14)
Let us compute ψ(s0). Defining
P0 = (1[(h−1)d], (sh0 ζ )[d], s0xhd, . . . , s0xm)= (1[hd], s0xhd, . . . , s0xm),
we have
ψ(s0)=
{
hsh0 ζ
hd−1∑
j=(h−1)d
∂j (K + ϕ)+ s0
m∑
j=hd
xj ∂j (K + ϕ)
}
(P0)
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=
{
h
hd−1∑
j=(h−1)d
∂j (K + ϕ)+
m∑
j=hd
s0xj∂j (K + ϕ)
}
(P0).
Then, by definition of K (see Section 3), we get(
h
hd−1∑
j=(h−1)d
∂jK +
m∑
j=hd
s0xj ∂jK
)
(P0)(15)
=
hd−1∑
j=(h−1)d
nh
hd + s0xhd + · · · + s0xm +
hd−1∑
j=(h−1)d
(d − 1)h
d
+
m∑
j=hd
ns0xj
hd + s0xhd + · · · + xm + (n− h)(d − 1)
= n+ n(d − 1)=m+ 1.
On the other hand, let us show that(
h
hd−1∑
j=(h−1)d
∂jϕ +
m∑
j=hd
s0xj∂jϕ
)
(P0)= 0.(16)
Since ϕ is G-invariant, we have, at point P0,∑
j∈I2
∂jϕ = · · · =
∑
j∈Ih
∂jϕ
(let us remind that Ih = {(h− 1)d 6 j 6 hd − 1}), and, for u > 0,
ϕ
(
1[(h−1)d], u[d], s0xhd , . . . , s0xm
)
= ϕ
(
1[d],
(1
u
)[(h−1)d]
,
s0xhd
u
, . . . ,
s0xm
u
)
.
Differentiating the previous equality at u= 1 gives, always at P0,∑
j∈Ih
∂jϕ =−
∑
j∈I2
∂jϕ − · · · −
∑
j∈Ih
∂jϕ −
m∑
j=hd
s0xj∂jϕ,
which implies
h
hd−1∑
j=(h−1)d
∂jϕ +
m∑
j=hd
s0xj ∂jϕ = 0
and finally yields relation (16).
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Combining (15) and (16), we have ψ(s0) = m + 1, and, by virtue
of (14), we see that
d
ds
(K + ϕ)(1[(h−1)d], (shζ )[d], sxhd , . . . , sxm)6 m+ 1
s
.
Let us integrate the previous inequality between 1 and s0 = ζ−1/h. Taking
into account the values, given at the beginning of the proof, of λ, ζ ,
and xk , for hd 6 k 6m, we obtain:
(K + ϕ)
(
1[hd],
(
ζh+2
λ
)[d]
, . . . ,
(
ζn
λ
)[d]
,
1
λ
,
(
ζ1
λ
)[d−1])
(17)
− (K + ϕ)
(
1[(h−1)d],
(
ζh+1
t
)[d]
,
(
ζh+2
t
)[d]
, . . . ,(
ζn
t
)[d]
,
1
t
,
(
ζ1
t
)[d−1])
6 (m+ 1) log
(
ζh+1
t
)−1/h
.
The G-invariance of ϕ and the definition of K imply
−(K + ϕ)(1, ζ [d−1]1 , t [d], . . . , t [d], ζ [d]h+1, . . . , ζ [d]n )
=−(K + ϕ)
(
1[(h−1)d],
ζ
[d]
h+1
t
, . . . ,
ζ [d]n
t
,
1
t
,
ζ
[d−1]
1
t
)
+ (m+ 1) log 1
t
and
−(K + ϕ)(1, ζ [d−1]1 , λ[d], . . . , λ[d], ζ [d]h+2, . . . , ζ [d]n )
=−(K + ϕ)
(
1[hd],
ζ
[d]
h+2
λ
, . . . ,
ζ [d]n
λ
,
1
λ
,
ζ
[d−1]
1
λ
)
+ (m+ 1) log 1
λ
.
Inserting these two equalities in (17) gives:
−(K + ϕ)(1, ζ [d−1]1 , t [d], . . . , t [d], ζ [d]h+1, . . . , ζ [d]n )
6 −(K + ϕ)(1, ζ [d−1]1 , λ[d], . . . , λ[d], ζ [d]h+2, . . . , ζ [d]n )
+ (m+ 1) log
{
λ
t
(
ζh+1
t
)−1/h}
.
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Hence, we deduce (13), since
λ
t
(
ζh+1
t
)−1/h
= 1.
The lemma is thus proved.
LEMMA 6. – Under the assumption d1 = · · · = dn = d , let ϕ ∈
C∞(X) be a g-admissible, G-invariant function, and let x1, . . . , xm > 0.
Then, the following inequality is satisfied:
−(K + ϕ)(1, x1, . . . , xm)6−(K + ϕ)(1, . . . ,1)− logx1 · · ·xm.
Proof. – Given a G-invariant admissible function ϕ ∈ C∞(X), and
x1, . . . , xm > 0, combining Lemmas 4 and 5 leads to
−(K + ϕ)(1, x1, . . . , xm)6−(K + ϕ)(1, ζ [d−1], η[m+1−d]),(18)
where
ζ = (x1 · · ·xd−1)1/(d−1) and η= (xd · · ·xm)1/(m+1−d).
Hence, we have to bound from above
−(K + ϕ)(1, ζ [d−1], η[m+1−d]).
Let us set ρ = ζ (d−1)/dη−1. We distinguish two cases.
(i) First case: ρ 6 1, i.e. (x1 · · ·xd−1)1/d 6 (xd · · ·xm)1/m+1−d .
For s > 0, we define
u(s)= s d
ds
(K + ϕ)(1[(n−1)d], sρ[d]).
Then, we get
u(s)=
{
sρ
∑
j∈In
∂j (K + ϕ)
}(
1[(n−1)d], sρ[d]
)
and
su′(s)=
{
sρ
∑
j∈In
∂j (K + ϕ)+ s2ρ2
∑
j,k∈In
∂jk(K + ϕ)
}(
1[(n−1)d], sρ[d]
)
.
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As in Lemmas 2 and 5, we notice that
su′(s)= i∂∂(K + ϕ)(1[(n−1)d], sρ[d])(v, v),
where
v = (0, . . . ,0, (√sρ)[d]) ∈Rm.
Hence, since ϕ is g-admissible, su′(s) is positive, and u is an increasing
function. Consequently, setting s0 = ρ−1 (> 1), for 16 s 6 s0, we infer:
u(s)6 u(s0)=
∑
j∈In
∂j (K + ϕ)(1, . . . ,1).
Let us compute u(s0). By definition of K , and since nd =m+ 1, we
get: ∑
j∈In
∂jK(1, . . . ,1)=
{
n
d
m+ 1 + (d − 1)
d
d
}
= d.(19)
On the other hand, let us check that∑
j∈In
∂jϕ(1, . . . ,1)= 0.(20)
Indeed, since ϕ is G-invariant, we have
ϕ
(
1[(n−1)d], t [d]
)= ϕ(1[d], 1[d]
t
, . . . ,
1[d]
t
)
.
Taking the derivative, with respect to t , of the previous equality at t = 1,
we deduce ∑
j∈In
∂jϕ(1, . . . ,1)=−
∑
j∈I2∪···∪In
∂jϕ(1, . . . ,1),
i.e. the requested identity:
n
∑
j∈In
∂jϕ(1, . . . ,1)= 0,
since by symmetry,
∑
j∈Ih ∂jϕ(1, . . . ,1) is independent of h = 2, . . . , n.
Combining (19) and (20) gives u(s0)= d .
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Hence, for 16 s 6 s0, u(s)6 d and, integrating the inequality
d
ds
(K + ϕ)(1[(n−1)d], sρ[d])6 d
s
between 1 and s0, we obtain:
−(K + ϕ)(1[(n−1)d], ρ[d])6−(K + ϕ)(1, . . . ,1)+ d logρ−1.(21)
Then, successively by definition of K and G-invariance of ϕ, Lemma 4
and definition of ρ, and finally thanks to the previous inequality, we
deduce:
−(K + ϕ)(1, ζ [d−1], η[m+1−d])
=−(K + ϕ)
(
1[(n−1)d],
1
η
,
ζ [d−1]
η
)
+ (m+ 1) logη−1
6−(K + ϕ)(1[(n−1)d], ρ[d])+ (m+ 1) logη−1
6−(K + ϕ)(1, . . . ,1)+ log 1
ηm+1ρd
.
Since ηm+1ρd = x1 · · ·xm, using (18), we finally get the inequality of the
lemma.
(ii) Second case: ρ > 1, i.e. (x1 · · ·xd−1)1/d > (xd · · ·xm)1/m+1−d .
Using, as previously, definitions of K , ζ , η and ρ, G-invariance of ϕ,
and Lemma 4, we infer:
−(K + ϕ)(1, ζ [d−1], η[m+1−d])(22)
6−(K + ϕ)(1[(n−1)d], ρ[d])+ (m+ 1) logη−1
6−(K + ϕ)(1[d], ρ−1, . . . , ρ−1)+ (m+ 1) log(ηρ)−1.
Since ρ−1 6 1, we argue as in the first case, and consider
v(s)= s d
ds
(K + ϕ)
(
1[d],
(
s
ρ
)[(n−1)d])
,
instead of
u(s)= s d
ds
(K + ϕ)(1[(n−1)d], sρ[d]).
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Thus, we are led to the following inequality, analogous to (21):
−(K + ϕ)
(
1[d],
( 1
ρ
)[(n−1)d])
6−(K + ϕ)(1, . . . ,1)+ (n− 1)d logρ
and finally, using (22), we obtain:
−(K + ϕ)(1, ζ [d−1], η[m+1−d])(23)
6−(K + ϕ)(1, . . . ,1)+ log ρ
(n−1)d
(ηρ)m+1
.
Since
ηm+1ρm+1−(n−1)d = ηm+1(ζ (d−1)/dη−1)d = ζ d−1ηm+1−d = x1 · · ·xm,
the inequality of the lemma follows now from (18) and (23).
4.2. Proof of the theorem
Let 0 < α < 1. Given any g-admissible, G-invariant function ϕ ∈
C∞(X) such that
∫
X ϕ dv = 0, we shall bound from above, independently
of ϕ, the integral
∫
X exp(−αϕ)dv. Consequently, Tian’s invariant αG(X)
is > 1 (in fact, αG(X) = 1), which proves the existence of an Einstein–
Kähler metric on X.
We work in chart (U ∗, pi), where we take z0 = 1. Thanks to Lemma 1,
we have to bound from above ∫
D
e−αϕ dv,
where D is identified to pi(D)= {[1, z1, . . . , zm]; 0 < x1, . . . , xm 6 1}.
First, the volume element
dv = nn−1
∏n
h=1[(d − 1)t + nth]d−1
tm+1
∏n
h=1 t
d−1
h
imdz1 ∧ dz1 ∧ · · · ∧ dzm ∧ dzm
(see Section 3)
is such that
dv 6Cst
n−1∏
h=2
(∑
j∈Ih
xj
)1−d
dx1 · · ·dxm on D.
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Next, since K = log(tn∏nh=1 td−1h ) is the potential of g in chart (U ∗, pi),
we have
eαK 6Cst
n∏
h=2
t
α(d−1)
h on D.
Finally, as we show below, −(K + ϕ)(1, . . . ,1) 6 Cst . Hence, taking
into account Lemma 6, we can write∫
D
e−αϕ dv=
∫
D
e−α(K+ϕ)+αK dv 6 e−α(K+ϕ)(1,...,1)
∫
D
eαK∏n
j=1 xαj
dv
6Cst
∫
D
(
n∏
h=2
t
(1−α)(1−d)
h
)
(x1 · · ·xm)−α dx1 · · ·dxm.
Thus, since α < 1,∫
D
e−αϕ dv6Cst
∫
0<xd ,...,xm61
(
n∏
h=2
t
(1−α)(1−d)
h
)
(xd · · ·xm)−α dxd · · ·dxm
=Cst
{ ∫
0<y1,...,yd61
dy1 · · ·dyd
(y1 + · · · + yd)(1−α)(d−1)(y1 · · ·yd)α
}n−1
=Cst
{ 1∫
0
rd−1
r(1−α)(d−1)rαd
dr
}n−1
= Cst
( 1∫
0
dr
rα
)n−1
= Cst,
and the requested bound is obtained.
Let us justify that −(K + ϕ)(1, . . . ,1)6 Cst. For any λ= 1, . . . ,m,
the component gλλ of g = i∂∂(K + ϕ) is positive and given by
∂λ(xλ∂λ(K + ϕ)), with ∂/∂xλ; hence, xλ∂λ(K + ϕ) is an increasing
function of xλ. Then, we take [1, z1, . . . , zλ, . . . , zm] ∈ V ∗ = pi(U ∗) and
fix all zµ( 6= 0) for µ 6= λ. Since
[1, z1, . . . , zλ−1,0, zλ+1, . . . , zm] ∈ V = pi(U),
as a function of zλ,
ϕ(1, z1, . . . , zλ, . . . , zm) is C∞ over C (even at zλ = 0)
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and, consequently, limxλ→0(xλ∂λϕ) = 0. On the other hand, as
∂λK = n/t + (d − 1)/th if λ ∈ Ih, limxλ→0(xλ∂λK) = 0. So,
limxλ→0{xλ∂λ(K + ϕ)} = 0, ∂λ(K + ϕ) is > 0 on U ∗ and, since (K + ϕ)
is increasing in each variable x1, . . . , xm,
(K + ϕ)(P )6 (K + ϕ)(1, . . . ,1) for any P ∈D.
Now, let D′ = {[1, z1, . . . , zm]; 12 6 xk 6 1 ∀k = 1, . . . ,m} ⊂D.
Since ϕ is g-admissible and
∫
X ϕ dv = 0, we infer ϕ 6 C on X and
−
∫
ϕ<0
ϕ dv =
∫
ϕ>0
ϕ dv 6 C vol(X).
Hence, ∫
D′
ϕ dv >
∫
ϕ<0
ϕ dv >−C vol(X),
i.e.
ϕ(P )vol(D′)>−C vol(X) for some P ∈D′,
and we conclude that
−(K + ϕ)(1, . . . ,1)6max
D′
(−K)+ C vol(X)
vol(D′)
= Cst.
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